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General Background: Wavelet approximations are fundamental in numerical analysis and
signal processing, with classical orthogonal polynomials like Jacobi and Chebyshev serving as
key tools due to their strong approximation properties. Specific Background: The use of
Chebyshev wavelets has been extended through generalized polynomial frameworks, such as
Koornwinder’s generalization of Jacobi polynomials, offering more flexibility for function
approximation on finite intervals. Knowledge Gap: Despite existing wavelet frameworks, the
integration of generalized Jacobi and Chebyshev structures into a unified wavelet
approximation scheme remains underexplored. Aims: This study introduces the Generalized
Jacobi Chebyshev Wavelet (GJCW) approximation, establishing its theoretical foundations and
demonstrating convergence and approximation capabilities. Results: It is shown that for a
uniformly bounded function expanded in the GJCW basis, the partial sums yield both
convergent and best uniform polynomial approximations. Novelty: The formulation of a new
wavelet approximation based on a hybrid of generalized Jacobi and Chebyshev polynomials
constitutes a novel contribution, supported by rigorous recurrence relations and
multiresolution analysis. Implications: This work enhances the theoretical landscape of
wavelet-based function approximation, with potential applications in computational
mathematics, signal analysis, and numerical solutions of differential equations.

Highlight :

+« Wavelet Construction: The paper defines and constructs generalized Jacobi Chebyshev
wavelets using orthogonal polynomials.

+ Approximation Theory: It proves that if the wavelet series converges, then a uniform
best polynomial approximation exists.

+ Multiresolution Framework: The approach is grounded in Mallat’s multiresolution

analysis, enabling efficient function approximation.

Keywords : Jacobi Polynomials, Chebyshev Wavelets, Multiresolution Analysis, Polynomial
Approximation, Orthonormal Basis

INTRODUCTION

Jacobi polynomials Pn“’ﬂ (x) constitute a category of classical orthogonal polynomials [1]. They are

orthogonal about the weight (1 — x)*(1 + x)# on the interval [—1,1]. We have P,Ea'ﬁ) (x) Chebyshev polynomials
with |x| < 1.
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Jacobi Polynomial
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The Jacobi polynomials are generated by the three-term recurrence relation, for scalars a,, and ¢,

Pl () = (g Px = bR () — PRI 0 n 2 1,

n+1
where
PP =1, P (x) =S (@ + B+ 2)x +5(a - p),
also
(a,B) _ Cm+a+p+1)(2m+a+p)
n T 2(m+1)(mta+Bf+1)
b(a,ﬁ) _ (B?-a®)2m+a+B+1)
n T 2(m+D)(m+a+B+1)(mra+p)
C(a,ﬂ) _ (Cm+a+p+2)(m+a)(m+p)
. =

(m+1)(m+a+p+1)2m+a+p)

The Jacobi polynomials y = P,g“'ﬁ) (x) solve the linear second-order differential equation [2] [3]
A=x)y"+[B—a—(a+L+2)x]y' +n(n+a+p+1)y=0.

1. Jacobi Polynomials

Theorem 1. There are scalars a(a B) (a'ﬁ), . (a'ﬁ) € R such that
(a B)( ) %P
- m 0 nm

Proof. We use mathematical induction [4].
For this

PP () =1,
PP (x) =S (@ + B +2)x +5 (@ — ).

a. The Hypothesis of Mathematical Induction

Suppose for 0 < k < n, we have
P(“B)(x) — Zm 0 C(“B) ,

Therefore
(0‘ B) (X) _ 1(a.B)

m 0 c' nm x™
and
P(aﬁ)(x) _ n(a.p)

mOCnmx
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b. The Rule of Mathematical Induction

(@.B) b(aﬂ) (a.B)

For scalars a,, and ¢,

Prgaﬂ)(X) — (d(‘xﬁ) _ (“rﬁ))P(“rlﬁ)(x) _|_fn(“vﬁ)P(“ﬁ)(x)
(“ﬁ) “ﬁ) (@.B) u

= (C(a’ﬂ) ,(a,ﬁ) f(aﬁ) ,,(aﬂ)) +Zn_3 [c ’nm 176 Chm n o C )™
+(C(a[>’) ’;anﬁ)z fn(aﬂ) n(aﬂ) a2 +Cr(laf)cr£lanﬁ)1xn 1+c’;“nﬁ)1d(“ﬂ)
— Zn o h(a B)
Theorem 2.
Let P(a ﬂ)(x) = Y=o ar(lanf)x be a representation of Jacobi polynomials. Then The following

conditions are satisfying: [5] [6]
i) aaﬁ = 0forallm = n,
ii) (m—-1(m+ Z)anm+2 B —-—a)(m+ 1)anm+1 [Fm(m—-1)—-m(a+pB+2)+n(n+a+pf+1)]a, aﬁ =
Oforall0 <m<n.
@By — @p) m
Proof. Supposey = P, "’ (x) = Y=o anm , then
y' =Yr_ ma,(la,f) m-1 = Z (m + l)a;“nﬁlx

y' = -, m(m— 1)a(a ) 2 (m+1)(m+ 2)a(“ )

nmt2X
We put in above equatlon we have [7] [8]

n-2 (Cl B) n
z 0(m+1)(m+2)anm+2x Z

m(m — 1)a (aﬁ)x +(,6’—a)zn 1(m+1)anm+1x m—((a+p

m=2
+2)Y maamnmtatfED Y abham=o,
m=0 m=0
it follows that [9] [10]
Ym=o —(Mm—=1D(m+ 2)anm+2 B—-—a)(m+ l)anm+1
+[—m(m —1)—ma+B+2)+n(n+a+pB+Daynx™=0.

2. Generalized Jacobi Chebyshev Wavelets

Leta > -1, > —1,M = 0and N = 0. Koornwinder in [11] [12] it is demonstrated that the generalised
Jacobi polynomials {P(a’ﬂ MN) (%) }n=o can be written as
pE@AMM oy = PP () + MQLP) (x) + NR“P) (x) + MNSS“P (x), n=0,1,2, ..,
where
Q" (0 = REP o) = 5§ ) = 0,
and forn = 1,2,3,-

(a B) (B+2)n 1(@+B+2)n—y
( ) (a+1)pn!

x [n(n+a+ B + DPEP (x) — (B + 1)(x — DDPP (x)],

R () = tBna @B Dnos s 1oy 4 g + B + 1)PYP) (x) — (@ + 1) (x + DDPP (%)),

(B+1)yn!
and
+B+2)n(a+f+2)n ,
Sy =SB Bt s [+« + f + DA (0 = {(B+ Dx— D) + (@ + D(x +
DIDAED (x).

Since P(aﬁMN)( x), R(a B Q(a ) S(a #) are linear combination ofP(“ 2 DP(a 2 , we have [13] [14]
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Proposition 1.

The generalized Jacobi polynomials P, BMN (x) are generated by the three-term recurrence relation, for scalars
dgla,ﬁ,M,N)’ (@BMN) oo fn(a,[)’,M,N)’ forn>1
M,N B.M,N B.M,N B,M,N B.MN) ,(a,8,M,N
'pas )( x) = (dy P — e PPN PPN (o) — PO pLEBIND (),

n+1

In the following table, we define generalized Chebyshev wavelets. (see [2], [4], [7], [8], [9], [10], [11], [15])
Suppose k € N (degree of multiresolution), m > 0,n = 1,2, ---,2%

(aBMN)(t) {/ P(“BMN)(Z" —2n+1)) tE[:k—__ll,%]_

0 other9wise

A function f € L?[—1,1) is expanded by generalized Chebyshev wavelets series as

k 0 ,B,M,N
F(O) = X250 X%—g Cum PPN (1),
where
1 ,B,M,N M,N
Com = 2, FORSEMD ) BN 1 dt,

(a BMN) is the weight function of (, 8, M, N) generaliized Chebyshev polynomials. Also

1 ,B,M,N M,N ,B,M,N
2 1958 @ Raia ™ @ de = L

and w,

It is necessary to study multiresolution analysis and Mallat’'s Theorem for wavelet approximation. [16]
Definition 1.

a. Multiresolution Analysis
An MRA with scaling function ¢ constitutes a collection of closed subspaces

{Vi}jez of L*(R), such that

() V] c V}‘+1}

(ii) f(x) € V; & f(2x) € Vjyy;

(iii) UV = L2(R),

(iv)nV; =0;

(v) There exists a function ¢ € V; such that the collection {¢p(x — k): k € Z} is a Riesz basis of V.

The series of wavelet subspaces W; of L%(R) is such that V; LW, foralljand V;,; =V; @ W,;.Closure of
@ W, isdense in L?>(R) for L? norm.

We now present Mallat’s theorem, which ensures that in the context of an orthogonal multiresolution
analysis (MRA), an orthonormal basis exists for L?(R) exists. These basis functions are essential in wavelet
theory, facilitating the development of sophisticated computational algorithms.

Lemma 1.

(Mallat's Theorem) In the context of an orthogonal multiresolution analysis (MRA) characterised by a
scaling function ¢, a corresponding wavelet exists ¥ € L2(R) such that for each j € Z, the family {V k}kez Is an
orthonormal basis for W;. Hence the family {{; \ }xez is an orthonormal basis for L*(R).
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Definition 2.

(i) Let family {1} x }xez be an orthonormal basis for L?(R) and P, (f) the orthogonal projection of L?([—1,1]) onto
V. Then

Pn(f) = 22000 < f;lpn,k > lpn,k! n= 1l2’3""

(ii) The wavelet approximation of the Chebyshev polynomial is defined by

En(F) =l f = Ba(F) 2= 2, I (&) = Pu(F)(®)12dt = 0(p(n)), 0(¢(n)) is @ small function.

Theorem 1.

Let f € L2([—1,1]) be a uniformly bounded function and f(t) = ¥2ey ¥y tn mW(aBMN)(t) be
expanded in terms of generalized Chebyshev wavelets and the series Zn 0 2m=0 |tnm|2L(aﬁ MN) he

convergent. Then generalized Chebyshev wavelet approximation f, for every M is the partial sums

,M,N ,B,M,N
ulet 0 () = T220 I tam Wi (©),

and

Eqk -1 () _O((Zn 0 Zm=mM L(aBMN) ,mlz)%).

Proof. We have
I f = Uk py_q@pmn) 113
=f1 20 %m0 tam WM ()
DY ornmw(f’i;f"”"”>(r)|2 BN () de
= f_l 20 Xonom tam Pl (1) 2wl M (1) at
szzk_ Seoomt ltaml? [, [Pl () 2wl&E MM (1) de
= 3250 S5 [ty m 2L

Therefore | f — sy—1 1< ooy |tnm|2L(aBMN))2 That is

Eye g1 (F) = 0((E250 e |tnm ZLEEM DY),

Definition 2.

Suppose f € L*[a,b] and B, is a set of all polynomials of degree n and smaller n. If there exists a function
q" € P, such that limy,_,,P,(f) = 0, where B,(f) = infpep, | f —p llo. Then q* is called best uniform polynomial
approximation to f on [a, b].

Corollary 1.

Let f € L>([-1,1]) be a uniformly bounded function and f(t) = Zﬁio Y=o tnm‘P(aﬁMN)(t) be
expanded in terms of generalized Chebyshev wavelets and the series Z%’;O Ym=o0 lthml Lgf,‘,’g’M’N) be
convergent. For every M > 0, the partial sums

uleP N (1) = $220 TMZY tam Wi " ().
is uniform best polynomial approximation for f.
Suppose f(t) = Zflkzo > o tn,ml}’,(g;lﬁ’M’N)(t), we put
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k . BMN)T
f100 = X250 X2 tym PPN (1),

and
k . BMN)~
f(0) = T30 B tam PN (1),
then
f=fH—fa
Theorem 2.

Let f(t) = Zn 0 2m=0 thm¥m (“ﬂ M (t) be expanded in terms of generalized Chebyshev wavelets. If
Z 0 Zm=0 ltnml L(aBM M s converge, then (a, B, M, N) generalized Chebyshev wavelet approximation E i ,(t)
of f is f1(1).
Eyey () = 0((Shso Sinmten ltnmlPL ™ ™32)

Proof.

I f = fi = 1 1250 Bm0 tam W™ (1)
32 Bhcg PPN ()20 EEMN (1) a
= I3 St b PPN (120N (1) dt
< T80 v leaml? [ 19T O (e
=D XARD IR L Ly L AR O fl“,f“'”)(t)dt
< LZn=0 Ym=l+1 |tn,m|2L(nc,rn€MN)-

Therefore

I f = 100 125 (3250 D2 mien [t PLEEMNY:,

Eye,(F) = 0((3250 e ts |tnm 2LEEMNY).

Theorem 3.
Let f(t) = Zflko Z;‘;’l 0 tnmll’(aﬁ MN)(t) be expanded in terms of generalized Chebyshev wavelets. If

Z 0 Xm=0 ltnml L(a BMN) i converge, then generalized Chebyshev wavelet approximation Ek ,(t) of f is —f>(t)
and

Ee,(f) = 0((2 0 Zm=i+1 |tnm|2L(aBMN)) 2).

Proof.
L f = (=f) BB=[1, 12250 Shaco tam PS5 ™™ (©) PG ™™ (t)dt
+ 3250 Shaco tam P ™™ (O PG () de
= [ 1220 T8 crey tam PG Ol (BN (6)de
<320 o in [ [t PRGN (O 20 {SEM (1 dt
szzk_ Seocrin ltaml? [ 1M ()20 (“BM’”(t)dt

< V2L N8 in [t PLEEMN
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Therefore
k . B.M,N) X
I f = (=f(®) 1= (Z3Z0 Znmtsn ltaml Lo "")2,
k  $oo B,M,N)\~
Eye (f) = 0((Z320 Zern ltaml2Liim " )2).
Corollary 2.
+
Let f(£) = Y20 T30 tn,m’l’,gf MN)T(t) be expanded in terms of generalized Chebyshev wavelets. If

Zﬁio Ym=0 |tn,m|2L$ff,'5'M'N) is converge, then uniform best polynomial approximation of f is f; (t).

Corollary 3.
Let f(t) = 2,21’;0 Yim=0 tn,mllfrgf;f MN) (t) be expanded in terms of generalized Chebyshev wavelets. If

k . . . . . .
Y2o0 Zozo ltam |2L$LO_‘,'5'M'N) is converge, then uniform best polynomial approximation of f is — f, (t).
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